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Abstract

The main aim of this work is to investigate how reconstructing instantaneous carrier-phase velocities from filtered ones through defil-
tering improves the prediction of particle concentration in large-eddy simulation (LES) of particle-laden turbulent flows. A particle-laden
homogeneous turbulent shear flow is simulated by LES employing the approximate deconvolution method (ADM) to approximate the
instantaneous velocities of the carrier phase at the location of particles to solve their Lagrangian momentum equations. The carrier phase
is simulated using a Fourier pseudo-spectral method with dynamic Smagorinsky model for subgrid-scale closures. The level of particle
concentration is measured by the radial distribution function of particles and the probability density function of the particle number
density. Particles with various time constants and terminal velocities are considered and it is shown that employing ADM highly
improves the prediction of particle concentration by LES as results are compared against the results obtained by the direct numerical
simulation performing a posteriori test.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Considerable progress in the development of accurate
models and numerical methods for the large-eddy simula-
tion (LES) of single-phase turbulent flows in the past three
decades has encouraged researchers to implement LES for
the simulation of two-phase flows in which a large number
of particles or droplets (dispersed phase) are carried by a
turbulent fluid (carrier) phase. In spite of this progress,
there remain conceptual questions on the LES of single-
phase flows [1]. In addition, the presence of particles/drop-
lets in the flow raises new questions. Whether various
physical features of particle-laden turbulent flows such as
preferential accumulation of particles, turbuphoresis, colli-
sion and coagulation of particles, and modulation of turbu-
lence by particles can be predicted by LES is still an open
question and under investigation.
0017-9310/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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The common practice in the LES of particle/droplet-
laden flows is to individually track particles/droplets
through solving their Lagrangian equations while the car-
rier phase is dealt with in the Eulerian framework and its
equations are solved for the filtered quantities. Several
studies have been performed through this approach. One
of the earliest studies is due to Yeh and Lei [2,3] who inves-
tigate the motion of particles in isotropic decaying turbu-
lence and homogeneous shear turbulence. Simonin et al.
[4] also study the motion of particles in a homogeneous
shear turbulent flow. Wang and Squires [5,6] consider par-
ticle-laden fully developed turbulent channel flows while
giving particular attention to the preferential accumulation
of particles. Uijttewaal and Oliemans [7] simulate turbu-
lence in vertical pipe flows and investigate the particle dis-
persion and deposition. Boivin et al. [8] study the forced
isotropic turbulence in two-way coupling. Yamamoto
et al. [9] consider a gas-particle flow in a vertical channel
taking into account inter-particle collisions. Apte et al.
[10] conduct the LES of swirling particle-laden flows in
a coaxial-jet combustor. Also, several works have been
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Nomenclature

Bij coordinate transformation tensor
C concentration of particles
Cs model constant
dp particle diameter
f1 ð1þ 0:15Re0:687

p Þ
G filter kernel
n locally averaged particle number density
P instantaneous pressure
p fluctuating pressure
Re0 reference Reynolds number
Rep particle Reynolds number
Sij strain rate tensor
�sij filtered strain rate
�ui filtered fluctuating velocity
Ui carrier-phase instantaneous velocity
Upi particle-phase instantaneous velocity
Uti terminal velocity
U�ti terminal velocity non-dimensionalized by Kol-

mogorov time scale
ui carrier-phase fluctuating velocity
uH

i reconstructed velocity
upi deviation of instantaneous particle velocity from

the mean carrier-phase velocity

Vi Eulerian velocity of particles
xpi particle position

Greek symbols

C shear constant
D filter sizeeD test filter sizeeD effective filter size
DDNS grid size in DNS
dij Kronecker delta function
q fluid-phase density
qp particle density
j wavenumber
m viscosity of the carrier phase
ni moving coordinate
sp particle time constant
s�p particle time constant non-dimensionalized by

Kolmogorov time scale
sij subgrid stress tensor
sd

ij deviatoric part of subgrid stress tensor
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conducted for the case of evaporating droplets in mixing
layers [11–13] and swirling flows [14].

One of the basic concerns in the LES of particle-laden
turbulent flows is how to model the effect of subgrid scales
(SGS) on particles. In most works performed in the past,
this effect has been neglected and only a few investigations
have been carried out with relevance to this issue. Armenio
et al. [15] conduct the DNS and LES of a particle-laden
turbulent channel flow studying the effect of subgrid scales
(SGS) on particles via a priori and a posteriori tests. They
conclude that particles with a small time scale are more
influenced by SGS. To the best knowledge of these authors,
Wang and Squires [5] are the first investigators who model
the effect of SGS on particles. They solve an additional
transport equation for the SGS turbulent kinetic energy
obtaining a local SGS velocity scale that is used to model
this effect through multiplying it by a Gaussian random
variable. A similar model is used by Sankaran and Menon
[14] to model SGS effect on droplets in swirling flows. Also,
stochastic models have been proposed to account for the
effect of SGS on particles [16–18].

Recently, defiltering techniques have been implemented
to model SGS effects on particles [19–22]. In this approach
the instantaneous carrier-phase velocity is reconstructed
through defiltering [23] for the use in the dispersed-phase
equations. Kuerten and Verman [20] examine the turbo-
phoresis prediction by LES in a turbulent channel flow
reconstructing the instantaneous carrier-phase velocities
for particles through a defiltering technique in which the fil-
tering inversion is carried out in the Fourier space for the
streamwise and spanwise directions while the inversion is
approximated by a Taylor series for the cross-stream direc-
tion. Shotorban [19] and Shotorban and Mashayek [21]
employ the Approximate Deconvolution Method (ADM)
of Stolz et al. [24] to reconstruct the instantaneous car-
rier-phase velocities in particle-laden homogenous turbu-
lent isotropic and shear flows. Most recently Kuerten [22]
uses ADM for the reconstruction of carrier-phase velocities
to solve the dispersed-phase equations in a channel flow. In
all these works it is shown that the prediction of particle
related statistics is improved if defiltering is carried out
for filtered velocities.

In the current work we study the preferential concentra-
tion of particles in the LES of homogenous shear turbu-
lence [25,26] and examine how the use of ADM improves
the prediction of preferential concentration. In our previ-
ous study [21], it has been briefly shown via a priori test,
i.e., the results obtained by filtering the DNS velocity field
are compared against the DNS results, that this prediction
can be improved. In this work, we extend the study in [21]
to assess the ADM for particle concentration by conduct-
ing a posteriori test, i.e., the results obtained by LES are
compared against DNS results. In addition, through an
asymptotic approach it is proved that the neglect of SGS
on particles may result in unphysical concentration of par-
ticles. Also, all details about the mathematical formulation
as well as the numerical scheme which are not presented in
[21] are included in this work. We should mention here that



3730 B. Shotorban et al. / International Journal of Heat and Mass Transfer 50 (2007) 3728–3739
various physical aspects of particle-laden homogeneous
turbulent shear flows have been studied in great details in
the past conducting DNS and LES [3,27–30], and our focus
in this work is on the concentration of particles in these
flows predicted by LES.

In Section 2, we present the governing equations of the
particle-laden two-phase flows. In Section 3, the mathemat-
ical formulation of homogeneous shear turbulence is given
along with LES equations, numerical methodology and
overview of simulations. Section 4 is devoted to results
and finally, in Section 5, conclusions and discussions are
provided.

2. Two-phase flow equations

In the particle-laden flow considered in this study, the
carrier phase is an incompressible Newtonian fluid and the
dispersed phase is composed of a large number of mono-
dispersed spherical particles of diameter much smaller than
the smallest length scale of the carrier-phase flow. It is
assumed that the global number density of particles is small
and particles can be considered to form a dilute phase. Fur-
ther, the mass loading is sufficiently small to assume one-
way coupling where particles have no effect on the motion
of the carrier phase.

2.1. Carrier-phase equations

The carrier phase is governed by the Navier–Stokes
equations

oU i

oxi
¼ 0; ð1Þ

oU i

ot
þ Uj

oU i

oxj
¼ � oP

oxi
þ 1

Re0

o
2U i

oxjoxj
; ð2Þ

where Ui is the velocity component in the xi direction, P is
the pressure field and Re0 = U0L0/m is a reference Reynolds
number with U0 and L0 representing reference velocity and
length scales and m is the fluid viscosity.

2.2. Dispersed-phase equations

Assuming the Stokes drag and gravity to be the only
forces acting on the particle, its equations of motion are

dxpi

dt
¼ Upi; ð3Þ

dU pi

dt
¼ f1

sp

½U iðxp; tÞ � Upi� þ
U ti

sp

; ð4Þ

where xp � xpi and Upi are the instantaneous Lagrangian
position and velocity of the particle, respectively. Ui(xp, t)
denotes the velocity of the carrier phase at the location of
the particle. The particle time constant is defined as
sp ¼ Re0ðqp=qÞd2

p=18 where dp is the non-dimensional
diameter of the particle and qp/q is the density ratio of
the particle to fluid phase. f1 ¼ 1þ 0:15Re0:687

p is a correc-
tion factor with Rep = Re0jU(xp, t) � Upjdp. Also, the
non-dimensional still fluid terminal velocity of the particle
is defined as Uti = spgi, where gi denotes the non-dimen-
sional gravitational acceleration. In general additional
forces such as pressure gradient, added mass, buoyancy
and Basset history forces must be included on the right-
hand side of the particle momentum equation; however,
for a high ratio of particle and fluid density, e.g. qp/
q = 1000 considered in this study, and in the absence of
walls, these forces can be neglected [31]. This neglect has
been justified by Armenio and Fiorotto [32] for a turbulent
channel flow.

3. Homogeneous shear turbulence

3.1. Mathematical formulation

In a homogeneous turbulent shear flow, the gradient of
the mean velocity is

ohUii=oxj ¼ Cdi1dj2; ð5Þ

where C is the shear constant and dmn is the Kronecker del-
ta function. The indices 1 and 2 represent the streamwise x1

and cross-stream x2 flow directions, respectively, and h i
indicates an ensemble average. In the present case of
non-stationary homogeneous turbulence, the ensemble
average will be replaced by a volume average for the carrier
phase. The gradients of all higher order statistical moments
of the velocity are zero in homogeneous shear turbulence.

Using hUii = Cx2di1 for the mean velocity defined by Eq.
(5), the instantaneous velocity field can be decomposed into
mean and fluctuation values as

Ui ¼ Cx2di1 þ ui; ð6Þ

where ui is the fluctuation component of the instantaneous
velocity. Substituting (6) in Eqs. (1) and (2) results in

ouj

oxj
¼ 0; ð7Þ

oui

ot
þ o

oxj
ðuiujÞ þ Cdi1u2 þ Cx2

oui

ox1

¼ � op
oxi
þ 1

Re0

o
2ui

oxjoxj
;

ð8Þ

which are the governing equations for the carrier-phase
velocity and pressure fluctuation components in homoge-
neous shear turbulence.

Defining upi as the deviation of particle instantaneous
velocity from the mean velocity of the carrier phase at
the location of the particle, i.e.,

upi ¼ U pi � Cxp2di1 ð9Þ

and substituting for Upi in Eqs. (3) and (4) results in

dxpi

dt
¼ Cxp2di1 þ upi; ð10Þ

dupi

dt
¼ f1

sp

½uiðxp; tÞ � upiðtÞ� � Cup2di1 þ
U ti

sp

: ð11Þ



B. Shotorban et al. / International Journal of Heat and Mass Transfer 50 (2007) 3728–3739 3731
In Eq. (11), ui(xp, t) is the carrier-phase velocity fluctuation
at the location of the particle xp.

3.2. Equations in transformed coordinate system

Periodic boundary conditions are well suited for the sim-
ulation of homogeneous turbulence. Nonetheless, periodic
boundary conditions cannot be directly applied to solve the
governing equations for homogeneous shear turbulence
derived in the earlier subsections, because of the appear-
ance of variable coefficients which are functions of x2 or
xp2. This problem can be overcome by using a coordinate
system which moves with the mean velocity. This coordi-
nate transformation has been first introduced by Batchelor
and Proudman [33] in solving linearized problems of turbu-
lence. Then, Rogallo [34] used the transformation for direct
numerical simulation of homogeneous shear turbulence for
the first time. More recently, this coordinate transforma-
tion was extended to particle-laden turbulent flows by
Barre et al. [35].

A coordinate system moving with the mean velocity is
defined by

ni ¼ Bijxj; ð12Þ

where

Bij ¼ oni=oxj ¼ dij � Ctdi1dj2: ð13Þ

Substituting this in Eqs. (7) and (8), we have

Bjiojun
i ¼ 0; ð14Þ

otun
i þ Bjkojðun

i un
kÞ ¼ �Cun

2di1 � Bjiojpn þ 1

Re0

BkjBljoklun
i ;

ð15Þ

where ot � o
ot, oj � o

onj
, okl � o2

onkonl
and the superscript n on

any field variable denotes that the variable is in the trans-
formed coordinate system. That is

un
i ðni; tÞ ¼ uiðB�1

ij nj; tÞ; ð16Þ

where according to (12), B�1
ij nj ¼ xi, and un

i is the velocity
field described as a function of n.

Using (12), particle position is also transformed to the
new coordinate

npi ¼ Bijxpj; ð17Þ

therefore, Eqs. (10) and (11) become

dnpi

dt
¼ Bijupj; ð18Þ

dupi

dt
¼ f1

sp

½un
i ðnp; tÞ � upi� � Cup2di1 þ

U ti

sp

: ð19Þ
3.3. LES formulation

We start with the transformed equations of the homoge-
neous shear turbulence to derive the LES formulation for
the carrier phase. The filtering operator for any field vari-
able in the transformed coordinate is defined in the convo-
lution form as

Unðn; tÞ ¼ Gðn; DÞ � Unðn; tÞ

�
Z 1

�1
Unðg; tÞGðn� g; DÞd3g; ð20Þ

where G is the filter kernel function, * is the convolution
product operator and D is the grid filter size. Applying
the filtering operator on Eqs. (14) and (15), results in

Bjioj�ui ¼ 0; ð21Þ

ot�ui þ Bjkojð�ui�ukÞ ¼ �C�u2di1 � Bjioj�p þ
1

Re0

BkjBljokl�ui

� Bjkojsik: ð22Þ

For notational convenience, the superscript n is suppressed
on the filtered variables in Eqs. (21) and (22). In Eq. (22),
the subgrid-scale stress tensor is defined as sij ¼ uiuj � �ui�uj.

Using the Smagorinsky model [36], the deviatoric part
of the subgrid-scale stress sd

ij ¼ sij � skkdij=3 in homoge-
neous shear turbulence is calculated by

sd
ij ¼ �2CsD

2j�sj�sij; ð23Þ

where

�sij ¼
1

2
ðBkjok�ui þ Bkiok�ujÞ ð24Þ

and j�sj ¼ ð2�sij�sijÞ1=2. The isotropic part skkdij/3 is absorbed
into the pressure term in Eq. (22) so it is not modeled.

Similar to the procedure introduced by Germano et al.
[37] and modified by Lilly [38], the model constant Cs

can be dynamically computed

Cs ¼
ðmijlijÞave

ðmklmklÞave

; ð25Þ

where

mij ¼ 2D2 gj�sj�sij � 2eD2je�sje�sij ð26Þ

and

lij ¼g�ui�uj � e�uie�uj: ð27Þ

In Eqs. (26) and (27),~: is the filter operator with a test filter

size of eD. Also in Eq. (27), eD is the effective filter size which
is equal to ðD2 þ eD2Þ1=2 for the Gaussian filter [36]. In this
work, the filter is Gaussian and eD ¼ 2D.
3.4. Approximate deconvolution

Assuming the filter kernel G has an inverse G�1, it can be
approximated by the truncated Van Cittert series
expansion

G�1 ¼
XN

a¼0

ðI � GÞa; ð28Þ
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where I is the identity operator [24]. Employing this equa-
tion, the approximate deconvoluted velocity uH

i can be
computed through consecutively applying the filter

uH

i ¼
XN

a¼0

ð1� GÞa � �ui

¼ �ui þ ð�ui � u
¼

iÞ þ ð�ui � 2u
¼

i þ u
�

iÞ þ � � � ð29Þ

The main advantage of this defiltering technique is that the
series expansion can also be used for the filters with com-
pact transfer functions, which are in fact non-invertible,
by truncating series and calculating a regularized approxi-
mation for the inverse filter kernel [24].

Eq. (29) can be used to approximate the instantaneous
velocity of the fluid at the location of the particle required
in Eq. (19)

un
i ðnp; tÞ � uH

i ðnp; tÞ: ð30Þ

It is noted that only the represented modes of SGS can be
reconstructed for the particles by this approximation be-
cause any information related to the unrepresented modes
is lost in LES.

3.5. Overview of simulations

In this work all DNS and LES simulations are carried
out on a (2p)3-size box with 1283- and 643-node meshes,
respectively. In DNS, the velocity field of the carrier phase
is initialized by random numbers with a Gaussian distribu-
tion. Moreover, the initial velocity field, which must satisfy
the continuity equation, is an isotropic turbulent flow with
an energy spectra of EðjÞ / j4 expð�2j2=j2

mÞ. Table 1
shows some turbulence parameters of the initial velocity
field. The shear constant C = 2 and the reference Reynolds
number Re0 = 220 in all simulations. The initial velocity
field used in DNS is filtered by a Gaussian filter with
D ¼ 4DDNS, where DDNS is the grid size in DNS, and then
the filtered initial velocity field is used as the initial condi-
tion for the LES simulations. All non-linear convective
terms are dealiased by 2/3-rule and phase shift [34,39].
The non-linear SGS stress term in LES is left non-deali-
ased, because there is no methodology available to remove
the aliased errors created by this term. Time advancement
is performed using an explicit second-order Adams–Bash-
forth scheme.

In the homogeneous shear configuration due to the
mean velocity gradient the initial isotropic turbulence
anisotropically develops in time. In fact, the mean velocity
gradient is responsible for turbulence production, and
unlike decaying isotropic turbulence here turbulence is
Table 1
Flow parameters for the fluid phase in homogeneous shear turbulence at
Ct = 0

Rek urms jm gjmax g sg Ug

24.33 0.4081 7.0 1.674 0.02794 0.1717 0.1627
maintained. However, in practice, the simulation must be
terminated at some time after which the homogeneity
assumption breaks down. The reason for the lack of homo-
geneity in a long run is that, the large scales of turbulence
grow in time and the computational domain size at some
point in time becomes too small to capture these ever grow-
ing scales. In this study, simulations are terminated at
Ct = 8.

The coordinate transformation imposed by the mean
shear skews the computational grid in time. Consequently,
the computation cannot be properly carried out for long
time in the highly skewed grid. In order to allow the simu-
lation to progress for a substantial length of time, it is
required to remesh the grid periodically to prevent the
formation of a highly skewed grid. The procedure of reme-
shing in homogeneous shear turbulence was first imple-
mented and well explained by Rogallo [34] and in this
work, the same remeshing procedure is employed. Reme-
shing is carried out at Ct ¼ 1

2
; 3

2
; 5

2
; . . . and the Eulerian vari-

ables are interpolated to the new mesh preserving spectral
accuracy and making use of periodicity of the computa-
tional domain. For more details on the remeshing proce-
dure, readers are referred to [34,19].

In DNS particles are initially randomly distributed
throughout the computational domain with a uniform dis-
tribution and released with velocities equal to their local
fluid velocities. To advance the particles, a second-order
Adams–Bashforth scheme is implemented to solve their
equations of motion (18) and (19). Also, to compute the
velocity of the carrier phase at the location of the particle,
i.e., un

i ðn ¼ np; tÞ, a fourth-order Lagrange polynomial
interpolation scheme is employed. The accuracy of the
interpolation scheme has been tested via comparisons made
with the exact values calculated using the fully spectral
description [40]. Periodic boundary conditions are applied
on particles as well; i.e., when a particle leaves the compu-
tational domain from one side, it returns to the domain
from the opposite side. Also, the periodicity condition for
the particles is used when remeshing is carried out.

In each LES run, three sets of particles are simulta-
neously followed. For these sets, N is varied from 0 to 2
in Eq. (29) as the instantaneous fluid velocity is recon-
structed for particles. These sets are denoted by LES,
LES-AD1 and LES-AD2 throughout this work. It is noted
that the set with N = 0 in Eq. (29) is in fact the one for
which the effect of SGS on particles is neglected. All sets
of particles are released with an initial velocity equal to
their deconvoluted local fluid velocities.

4. Results

In this section we briefly show some results for the car-
rier phase in the considered homogeneous shear turbulence
and give most of the attention to the results obtained for
the concentration of particles.

The energy spectra of the filtered velocity �ui is shown
in Fig. 1. In DNS this spectra is calculated by
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Fig. 1. Energy spectra of the filtered velocity field E at (a) Ct = 3 and (b) Ct = 6.
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EðjÞ ¼ bGðjÞ2EðjÞ, where bG is the Fourier transform of the
filter kernel, E(j) is the energy spectra of ui and j is the
magnitude of the wavenumber vector [36]. Due to the
anisotropy of turbulence in the homogeneous shear, vari-
ous directional velocity energy spectra must be considered;
however, in order to briefly demonstrate the accuracy of
the LES of the carrier phase, we only consider the variation
of the spectrum with the wavenumber magnitude and com-
pare LES to DNS. A detail study of the energy spectra
including directional ones in a homogeneous shear turbu-
lent single-phase flow can be found in [34]. As observed
in Fig. 1, there is a good agreement between LES and
DNS for j < 20 at both Ct = 3 and Ct = 6 but there is a
deviation between LES and DNS spectra for j > 20. The
reason for this deviation is believed to be mainly attributed
to the SGS modeling errors.

In order to gain insight into energy balance in the LES
of homogeneous shear turbulence, the conservation equa-
tion for the kinetic energy of the filtered velocity field
1
2
h�ui�uii is considered. This equation can be obtained by

multiplying Eq. (22) by �ui, spatial averaging and using
the homogeneousity property. The result can be written as

o

ot
1

2
h�ui�uii

� �
¼ �h�u1�u2iC� e� eSGS; ð31Þ

where e ¼ BkjBljhok�uiol�uii=Re0 and eSGS ¼ �sd
ij�sij with sd

ij

and �sij given in (23) and (24), respectively. Fig. 2 shows
the kinetic energy of the filtered velocity field and the terms
on the right-hand side of Eq. (31) against the non-dimen-
sional time Ct. There is an initial decay in 1

2
h�ui�uii due to

the zero value of shear Reynolds stress h�u1�u2i at Ct = 0
as the initial velocity field is isotropic. This term along with
the mean shear velocity gradient C is responsible for the
production of turbulence which makes 1

2
h�ui�uii grow after

initial decay period (Ct < 2). Comparing e to eSGS, it is seen
in Fig. 2 that for Ct < 0.6 while e is almost constant, eSGS

rapidly increases in time. This implies that the dissipation
of the kinetic energy of the filtered velocity field initially
takes place mostly in the resolved scales but as time pro-
gresses the role of SGS scales for the dissipation of energy
becomes significant. As observed in this figure, more than
2/3 of the energy dissipation takes place in resolved scales
through e and the rest through eSGS for Ct > 2.

Time development of particle Reynolds shear stress
hhup1up2ii, with hh ii denoting ensemble averaging over
number of particles, is shown in Fig. 3. Here, s�p ¼ sp=sg0

and U �t ¼ U t=ug0 with sg0 and ug0 representing the Kol-
mogorov time and velocity scales, respectively, at Ct = 0.
The values of Kolmogorov scales are tabulated in Table 1.
hhup1up2ii is the only non-zero off-diagonal component of
the Reynolds stress in the developed homogenous turbu-
lent shear flow [29]. Therefore, it can also be used to mea-
sure the level of anisotropy in this flow. As seen in Fig. 3,
hhup1up2ii = 0 at Ct = 0 which is due to the uncorrelated
initial velocities of the dispersed phase. Then, hhup1up2ii
develops in time with an almost constant rate until
Ct = 1.5, after which the development rate of hhup1up2ii sig-
nificantly drops. The development mechanism of particle
Reynolds stress in a homogeneous turbulent shear flow is
well explained by Mashayek [27]. As seen in Fig. 3, for
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Ct > 2 when hhup1up2ii remains almost constant, there is a
good agreement between LES-AD1&2 and DNS while
LES overpredicts DNS. The overpredication of DNS Rey-
nolds stress by LES is attributed to the decrease of the
mean turbulent kinetic energy of the carrier phase which
is the result of filtering. In fact, the mean turbulent kinetic
energy is the production source for the Reynolds stress in a
homogeneous shear turbulent flow [27]. On the other hand,
deconvolution is quite able to recover the energy loss due
to filtering for the carrier phase.

One of the interesting and important physical features of
the particle-laden turbulent flows is the preferential concen-
tration of particles which is the focus of the current study.
Particles preferentially accumulate in regions of low vortic-
ity and high strain rate [41,42]. Two quantities can be com-
puted to measure the Lagrangian particle concentration.
They are the particle number density (PND) and the radial
distribution function (RDF) of particles [43–45,30].

PND is defined as the number of particles in a local unit
of volume. In order to calculate this quantity here we use a
local averaging technique [46,47] instead of the more tradi-
tional box averaging. This methodology was originally
introduced for the Eulerian–Eulerian formulation of parti-
cle-laden flows, but here we adapt it for the distribution of
particles. The local-averaged particle number density,
denoted by n(x, t), is defined as

nðx; tÞ ¼ V
N p

XNp

l¼1

Hðx� xpðtÞ; dÞ; ð32Þ

where H is the kernel function with the property ofZ 1

�1
Hðx; dÞd3x ¼ 1: ð33Þ

Note that the local particle number density is scaled by the
global value, Np/V. In the above equation, d is the length
scale over which local averaging is carried out and Np is
the total number of particles in the whole computational
domain. We observe that the spatial variation of the
PND computed via this methodology is smoother than bin-
ning method. It is emphasized that the larger d or Np is, the
smoother the spatial variation of the locally averaged PND
is. In this study, we take H to be a top-hat function, which
is defined by

Hðx; dÞ ¼ 1=d3 if jxij < d=2 8i ¼ 1; 2; 3;

0 otherwise:

(
ð34Þ

In the results to be presented, d = 4DDNS, where DDNS is
the computational grid size in DNS.

The probability density function (PDF) of n at Ct = 6 is
presented in Fig. 4 for different cases. The inertialess parti-
cles are well mixed in an incompressible flow so they are
uniformly distributed. It can be shown that uniformly dis-
tributed particles have a Poisson distribution with a peak at
n = 1 (not plotted in this figure). On the other hand,
because of the preferential concentration of inertial parti-
cles, their PDF deviates from a Poisson function. In fact,
for the inertial particles the PDF broadens as particles
are more preferentially accumulated. In other words, due
to preferential accumulation of particles the probability
of having regions of high and low number densities
increases. It is seen in Fig. 4a, b and d for n > 1.4, PDF
for LES is smaller than that for DNS implying less accu-
mulation of particles in LES. In Fig. 4a the difference
between the PDFs for DNS and LES-AD1&2 is insignifi-
cant while in Fig. 4b for n > 2 the PDF for DNS is slightly
overpredicted by LES-AD1&2. In contrast, it is seen in
Fig. 4d that for 2 < n < 3, LES-AD1&2 slightly underpre-
dict DNS. In Fig. 4c, which is for the case with the largest
particle time constant studied in this work, it can be seen
that for n < 2.7 the difference between different curves is
small. It is also seen that for all range of n the difference
between LES and LES-AD1&2 is negligible in Fig. 4c. This
is due to the fact that the effect of small scales of turbulence
on particles with large particle time constants is small. It is
noted that the difference between the PDFs of DNS, LES
and LES-AD1&2 at large n in Fig. 4 may not be a valid
base for comparison purposes since at such low values of
PDFs the results can be susceptible to statistical noise.

A three-dimensional radial distribution function is
defined as the ratio of the number of particle pairs found
at a certain separation distance to the expected number if
the particles are uniformly distributed [43,45]. The three-
dimensional RDF is defined as

g3DðriÞ ¼
P i=V i

P=V
; ð35Þ

where P = Np(Np � 1)/2 is the total number of particle
pairs, Pi is the number of pairs within separation distance
between ri � Dr/2 and ri + Dr/2, V is the total volume of
the system and V i ¼ 4

3
p½ðri þ Dr=2Þ3 � ðri � Dr=2Þ3� is the

volume of the shell with a thickness of Dr and a radius of
ri at its middle. D = DDNS/10 in the results shown in this
work.

Fig. 5 presents the 3-D RDF at a fixed time Ct = 6
evaluated for particles with different distributions. Here



0 1 2 3 4
n

10
-4

10
-3

10
-2

10
-1

10
0

PD
F

LES
LES-AD1
LES-AD2
DNS

0 1 2 3 4
n

10
-4

10
-3

10
-2

10
-1

10
0

PD
F

LES
LES-AD1
LES-AD2
DNS

0 1 2 3 4
n

10
-4

10
-3

10
-2

10
-1

10
0

PD
F

LES
LES-AD1
LES-AD2
DNS

0 1 2 3 4
n

10
-4

10
-3

10
-2

10
-1

10
0

PD
F

LES
LES-AD1
LES-AD2
DNS

a

c d

b

Fig. 4. Probability density function of particle number density at Ct = 6; (a) s�p ¼ 0:349 and U �t1 ¼ 0; (b) s�p ¼ 1:165 and U �t1 ¼ 0; (c) s�p ¼ 4:659 and
U �t1 ¼ 0; (d) s�p ¼ 1:165 and U �t1 ¼ 3:245.

B. Shotorban et al. / International Journal of Heat and Mass Transfer 50 (2007) 3728–3739 3735
r* = r/g0 with g0 representing the Kolmogorov length scale
at Ct = 0. According to the definition of RDF for uni-
formly distributed particles g3D(r*) = 1 for all r*. In con-
trast, in all cases shown in Fig. 5, RDF is greater than 1
for r* < 10, suggesting non-uniform distribution of parti-
cles. It is seen in this figure that RDF is a monotonically
decreasing function of r*. In Fig. 5a, b and d RDF for
DNS cases is larger than that in LES cases which is another
indication that particles are less accumulated in LES. In
Fig. 5c there is no significant difference between DNS,
LES and LES-AD1&2. This is due to the fact that the effect
of SGS on particles with large particle time constants is less
critical than that on particles with small particle time con-
stants. In fact, particles with large time constants mainly
interact with the large scales of turbulence and the turbu-
lence small scales do not have a large influence on such
particles.

Shown in Fig. 6 is the evolution of the 3-D RDF com-
puted by DNS and LES-AD2 for particles with
s�p ¼ 1:165 and U �t1 ¼ 0. Not plotted in the figure are RDFs
at Ct = 0 when particles are initially positioned with a uni-
form random distribution for which the RDF is equal to
unity. As Ct increases, RDF increases for small r* indicat-
ing that the number of particle pairs with small separation
distance increases. This reveals that the particle accumula-
tion increases as time progresses in a homogeneous shear
turbulent flow. A similar observation has been made by
Ahmed and Elghobashi [29] who use a different methodol-
ogy introduced by Wang and Maxey [42] for measuring
particle accumulation. It can be seen that LES-AD2 accu-
rately predicts the RDF of DNS at all Ct presented in this
figure.

The two-dimensional RDF of particles is defined as

g2DðriÞ ¼
eP i=AieP =A

; ð36Þ

where eP is the total number of particle pairs in a planner
slice of small thickness, eP i is the number of pairs within
the planar slice with separation distances between
ri � Dr/2 and ri + Dr/2, A is the area of the planner slice
and Ai = p[(ri + Dr/2)2 � (ri � Dr/2)2] is the area of the ring
associated with the nominal separation distance ri within
the planar slice [45]. In this study, instead of the slicing
(binning) method explained by Holtzer and Collins [45]
for the calculation of g2D, a slightly different method is
employed. Suppose that one needs to compute g2D in
slices perpendicular to x1-axis. Every pair of particles
represented by the particle numbers I and J in the
domain which satisfies the condition jxI

1 � xJ
1 j 6 d with

d denoting the slice thickness, is considered. Then,

ri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxI

2 � xJ
2Þ

2 þ ðxI
3 � xJ

3Þ
2

q
is computed and according

to (36), g2D(ri) is calculated. Note that three different
planar RDFs can be computed by choosing mutually
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perpendicular planar slices and here we denote g2D,i to be
the two-dimensional RDF with slice perpendicular to xi

direction. The 2-D RDF can be used to measure the anisot-
ropy of the distribution of particles in homogeneous shear
turbulence.

The 2-D radial distribution function of particles is dis-
played in Fig. 7 for s�p ¼ 1:165 and U �t1 ¼ 0 at Ct = 6.
The anisotropic distribution of particles is evident as the
2-D RDFs obtained in different directions are compared.
At small r*s, g2D,1 > g2D,3 > g2D,2 in DNS as well as LES-
AD1&2 so particles are the most and the least concentrated
in the streamwise and spanwise directions, respectively. It
can be seen in this figure that there is a significant difference
between DNS and LES while LES-AD1&2 are in a good
agreement with DNS. It is also seen that the deviation
between LES and DNS cases is the largest for g2D,2 while
it is the smallest for g2D,1.

Now, through an asymptotic approach we investigate
the effect of filtering on the concentration of particles. Con-
sider an isotropic turbulent flow that is simulated by LES
and effect of SGS on particles is not modeled. In the
absence of gravitational force, the particle velocity equa-
tion is

dUpi

dt
¼ 1

sp

½Uiðxp; tÞ � U pi�; ð37Þ

where Uiðxp; tÞ represents the filtered velocity of the carrier
phase at the location of the particle. For the sake of sim-
plicity the modified Stokes term f1 shown in Eq. (4), is
not considered here. For a small particle time constant
Up can be expanded as

Upi ¼ Ui � sp

DUi

Dt
þOðs2

pÞ; ð38Þ
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where DU i=Dt ¼ oU i þ U joUi=oxj is the resolved accelera-
tion of fluid at the location of the particle. Eq. (38) is de-
rived through a similar approach provided in Ref. [48]
where the particle velocity is expanded in terms of the
instantaneous velocity and acceleration of the carrier
phase. It is emphasized that Eq. (38) is rigorously valid
when sp� TL, where TL is the smallest time scale resolved
in LES and associated with the filter size. Also, it should be
noted that Eq. (38) is equivalent to approximating the
acceleration of the particle with the resolved acceleration
of the local fluid for a small particle time constant [49]. This
approximation is well justified for sp/sg < 0.4 in the recent
DNS study of Bec et al. [50]. It is noted that the smallest
resolved scales are on the order of Kolmogorov scales in
DNS while they are on the order of scales associated with
the filter size in LES.

Similar to a procedure introduced by Maxey [48], a
Eulerian velocity field can be defined for the dispersed
phase using (38)

V i ¼ U i � sp

DUi

Dt
; ð39Þ

where Vi is the Eulerian velocity field of the dispersed
phase. The divergence of Vi is

oV i

oxi
¼ �spðjSj2 � jXj2Þ; ð40Þ

where jSj ¼ ð2SijSijÞ1=2 is the magnitude of the filtered
strain rate with Sij ¼ ðoU i=oxj þ oU j=oxiÞ=2, and jXj ¼
ð2XijXijÞ1=2 is the magnitude of the filtered vorticity with
Xij ¼ ðoU i=oxj � oU j=oxiÞ=2. Eq. (40) shows that the diver-
gence of the particle velocity field is positive in regions of
high filtered vorticity or low filtered strain rate. Therefore,
particles tend to accumulate in regions with high filtered
strain rates or low filtered vorticities in LES. Again, it is
emphasized that Eq. (40) is rigorously valid when sp� TL.
Now consider a particle time constant satisfying two condi-
tions of sp	 sg and sp� TL and this could be in fact the
case for a real LES, in which the filter scales are much lar-
ger than the Kolmogorov scales. For a large ratio of parti-
cle time constant and Kolmogorov time scale it has been
shown that there is no physical accumulation for particles
initially released with a uniform distribution. Moreover,
the dynamic of the smallest scale, which is basically respon-
sible for the accumulation of finite-inertia particles in iso-
tropic turbulence, cannot accumulate particles with high
inertia [42]. In fact, the high inertia of particles makes them
move with no correlation to their surrounding fluid. On the
other hand, as analytically discussed through an asymp-
totic approach, accumulation of particles takes place in
LES even if sp� TL. Therefore, the LES prediction of
preferential concentration is in conflict with the physical
observation for such particles and modeling SGS effects
on them is necessary.

5. Conclusion

Large-eddy simulation (LES) of a particle-laden homo-
geneous shear turbulent flow is conducted to study prefer-
ential concentration of heavy particles in one-way coupling
with an incompressible carrier phase. Particles with various
time constants and terminal velocities are considered. To
model the effect of subgrid scale (SGS) on particles, the
instantaneous velocities are reconstructed by approximate
deconvolution method (ADM). Preferential concentration
of particles is measured by the radial distribution function
(RDF) and the probability density function (PDF) of par-
ticle number density (PND). In this work the dynamic
Smagorinsky model is used as the SGS stress model for
the LES of homogeneous shear turbulence. The model is
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assessed for this configuration through comparing the
energy spectra of the filtered velocities against DNS results.

Carrying out a posteriori test, it is observed that the pre-
diction of the preferential concentration by LES is substan-
tially improved for the considered homogeneous turbulent
shear flow when the carrier-phase velocities are defiltered
for particles. This observation is made possible by compar-
ing the RDF of particles and the PDF of number density of
particles obtained by LES against those obtained by DNS
for various particle time constants and terminal velocities.
It is also observed that the neglect of SGS effects on particles
is less critical for particles with a large time constant. This is
due to the fact that these particles mainly interact with the
large scales of turbulence that are less affected by filtering.
Moreover, with the aid of 2-D RDF, the anisotropic concen-
tration of particles in the homogenous shear turbulence is
investigated. It is seen that the neglect of subgrid scales is
the most and the least critical for particle concentration in
cross-stream and streamwise directions, respectively.

It is shown through an asymptotic approach when the
SGS effects are neglected on particles in an isotropic turbu-
lent flow, LES may predict an unphysical concentration for
them. For a case in which the particle time constant is suf-
ficiently much smaller than the smallest resolved time scale
in LES and at the same time it is much larger than the Kol-
mogorov time scale, it is analytically proven that particles
artificially tend to accumulate in the regions with high fil-
tered strain rates and low filtered vorticities if the SGS
effect on particles is not modeled. From the standpoint of
the flow physics, there must not occur any concentration
for particle time constants that are much larger than the
Kolmogorov time scale.
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